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ON THE NUMBER OF PATHS AND CYCLES
FOR ALMOST ALL GRAPHS AND DIGRAPHS
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In this paper it is deduced the number of s-paths (s-cycles) having & edges in common with
a fixed s-path (s-cycle) of the complete graph K. (or K for directed graphs).

It is also proved that the number of the common edges of two s-path (s-cycles) randomly
chosen from the set of s-paths (s-cycles) of K. (respectively K#*), are random variables, distributed
asymptotically in accordance with the Poisson law whenever lim s/n exists, thus extending a result

n-+co
by Baroti.

Some estimations of the numbers of paths and cycles for almost all graphs and digraphs are
made by applying Chebyshev’s inequality.

1. Definition and notations

Throughout this paper we shall only be concerned with graphs and digraphs G
of order n. If a path (cycle) of G has its length equal to s it will be called an s-path
(s-cycle) of G.

We shall use the following notations:
P, (m)—the number of graphs having exactly m (s—1)-paths;
¢n,s—the random variable taking the value m with the probability

P, (m)2®);
C,,s(m)—the number of graphs having m s-cycles;

fn,s—the random variable taking the value m with probability C, ,(m) /2(2) ;
DP, [(m)—the number of digraphs having m (s—1)-paths;
Hn, s—the random variable taking the value m with probability DP, ((m)/2"~";
DC, ,(m)—the number of digraphs having m s-cycles;
v,,s—the random variable taking the value m with probability DC,  (m)/27*—";
P(n, s, k), C(n,s, k), DP(n, s, k), DC(n, s, k)—the number of (s—1)-paths
(s-cycles) having k edges in common with a given (s—1)-path (s-cycle) in the comp-
lete graph K, (respectively complete digraph K having n?*—n arcs);
ME, —the mathematical expectation of &, ,;
D¢, —the dispersion of &, _;
(x)y=x(x—1)...(x—h+1) for any real x and natural h.

AMS subject classification (1980): 05 C 30
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2. The case of graphs

The mean values M¢&, and Mp, | follow immediately from the definitions.

Proposition 1. We have

(n)s
28

Bar6ti [1] obtained the number of Hamiltonian cycles of a complete graph K,
having r edges in common with a fixed Hamiltonian cycle C of K,,. An auxiliary result
derived by Bardti was the following : If the edges of C are ey, ..., ¢,, then the number
of k-combinations of these edges that determine exactly j components on C is equal to

n(k—1n—k-1
C"(”’k)_j‘(j—l]( -1 ]
for any 1=/=k.

We shall deduce the number P;(n, k) of the selections of k edges from the set
{eg, «oes ey l} of the edges of a path P of length n—1, such that these k edges gene-
rate exacﬂy j connected components on P.

and Mr1,,,s=(—n)s—. [ |

MG, s = §oS+T

Proposition 2. The following relation holds:

reb= (7))

Proof. If P is the path xy, x,, ..., X,,, let O: xq, X, ..., X, X,4+1 and the additional
edges ey=xox; and e,=x,x,.;. P;(n, k) is equal to the number of the selections
of k edges of Q which are different from ¢, and ¢, and induce j components on Q.
But this number is equal to the number of solutions of the system:

a;+...+a; =k

bitotbj = n—k+1

. . k— -k
where a;, b; are integers and q;, b;=1, i.e. to (j— }) [nj ] [ |
Now we are able to find, using Jordan’s sieve formula, the expressions for

P(n, s, k) and C(n, s, k).
Proposition 3. We have

P(n, s, k) = Z (=1 k( )(s 21)! 2 [;:i][sj—l][:——::j)zj

i=1

Proof. Let P: x,, x,, ..., x, be a fixed path of length s—1 of K, and denote its edges
by ey=x1x, &=, xa, ey €5 1=X,_1 X;. Let A; denote the set of all (s—1)-paths
of K, containing edge ¢; ofPfor I=i=s—1. Then P(n, s, k) is the number of (s — 1)-
paths of K, which belong to precisely k sets A;. By Jordan’s sieve formula we obtain

Pous = S0+ () 3 i0 4,
i=k CII,[.,=.,iS—1 ?
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If Kc{l,...,s—1} and |K|=i, suppose that the set of edges Ex={e,},cx gene-
rates exactly / components P, ..., P; on P. In this case by applying the method in
[1] one can show that

lpﬂ 4= 21) (s—t—J]zJ

for any 1 =j=i=s-2. Now the result follows by virtue of the expression of P;(s, i). |}

Proposition 4. The following equality holds:

Cn,s, k)_Z’( 1)i- k( )(s r—l)vZ", (’ ](s—z—ll(s_;;:;] ait

Jlj

+(—1)S—R[Z].

Proof. If C: x;, x5, ..., X5, X; 18 a fixed s-cycle of K, and E(C)={e;, ..., e,}, let
A; denote the set of all s-cycles of K, containing edge e; of C for 1=i=s. One can
show, as in the case of (s—1)-paths, that
(s—i—1)! [ —i—j],,-
| Al =" _ij)?

pEK

for any 1<]<z<s 3, if the edge set {e, },¢ x induces j components on C. If |K|=s,

s—1 or §—2 then a simple counting argument implies that > |ﬂ Apl—l
Kc{1,...,s} pcK

s, and s(n—s+1)+s(5—3), respectively.
Thus the proposition follows by applying Jordan’s formula, if one considers

that[]—l ]

Proposition 5. For any fixed k, if lim %zAE[O, 1] we have:

. 2P(n,s, k) 25C(n, s, k) 2A% ;5
N O N O R T

e VR
Proof. Denote S(n, s, i,j)=(s—l)' (l, 1 ] (S . l] [n l J) 24 for any fixed i and
2 Jj—1 s—1—J

1=j=i. One can see that for 1=j=i—1 we have lim—w

noee (n)s
28(n,s,i, j ' e
(.s.4,7) _ i,{l From the general theory of the

=0 and for

J=1i we deduce that lim )
principle of inclusion-exclusion (;ee e.g. Lovasz book [2]) it is known that the
numbers P(n, s, k) satisfy the Bonferroni inequalities, whence by routine applica-

tion of the method in [1] it follows that

. 2P(n,s, k) p(p+k 2y 2 e
T, ,,Z( D )(p+k):'1 =k e
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2k
In a similar way we find that lim 2SC((:)’ SR _ (2£') e,

hence A=1, this result has been obtained by Baréti [1]. Since (r),/2 is the number
of (s—l)-paths of K, and (2s)~1(n), represents the number of s-cycles of K, it fol-
lows that the number of the common edges of two (s—1)-paths (s-cycles) randomly
chosen from the set of all (s—1)-paths (s-cycles) of K, are two random variables
which are distributed asymptotically in accordance with the Poisson law whenever

For s=n,

I
lim — exists. |J

nroo

Proposition 6. The following inequalities hold:

( 1)‘) 4 2 2
Dén,s < n(n 1) ( —e )(Mén,s)
and
Dl = gy (€ =) (M, .

Proof. It is clear that

P(n,s k)= G _Zk)!j;kl' (j‘__ll][sjk](::::j] 2 =

S;—k(s—k)![";f;l]z*-‘}é’(ﬁf__ll][ )= 2 (=R D! ("5

We can write:

#5003 Pl 2]

= (M¢&,, )* + (m), 27+ 3 P(n,s,k) (25— 1),
k=1
hence .
D¢, = M& —(ME, ) = ()27 %% 3 P(n, s, k)(2°=1).
k=1

It follows that

Dés _
(M, ) (’7)sk

_ (s—1)? o
" n(n— 1)( €-

) (s—2)! L(n—2) = 2 -1
S P(n,5, D@ 1) < - -1 )ZT—
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In a similar way one can show that
2kt n—k—1
C(n, s, k) < TS(S—?.)! ( n—s ],
which implies that

D, s 52
TR TrEs A

Theorem 1. For almost all graphs G of order n the number of (s — 1)-paths of G, denoted
by P(G) and the number of s-cycles of G, denoted by C,(G) satisfy:

@ (16D _ p () - (1, 6=De)

-
oo (151 < @ = 2 (14722)

as n-»eo, where @ is any function such that lim ¢ (n)= oo.
s

Proof. By the Chebyshev inequality we have for any ¢=>0:

Dé,s
P~ Mt | = 1) = Do

In particular, if
— (S_ ln)(p(”) ME_

n,s»
one can see that

Dén, s
t2

-0

as n—eo, hence when n-»<o, for almost all graphs G we have
PS(G)—(—% - (S_ I)(p(n) . @v

n 28
A similar conclusion bolds for C,(G). |}

Corollary 1.1. For almost all graphs G the number of (s—1)-paths is equal to
%e“”’z”(l +0(1)) and the number of s-cycles is equal to S—Z’:Jr—le‘“/z"(l +o0(1))
as n— oo, whenever s=o(n*3).

Proof. It is well known that

(:s)s — e-s2/2n(1+0(1))

for s=o0(n*®) (seee.g. [3]). For ¢(n)=n"3 the result follows. J]

Note that Theorem 1 gives us only non trivial upper bounds for the number of
Hamiltonian paths and cycles for almost all graphs G as n— .
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3. The case of digraphs

We shall deduce that with slight modifications all results for graphs are valid
also for digraphs.

Proposition 7. The following equalities hold:

_ (n), _
My, .= and My, = ok

251
Proposition 8. The numbers DP(n, s, k) are given by

DP(n,s, k)=;2'kl(—1)i_k( ] —i)! 2(1_1][ i ][s——zl—_JJ] i

The proof is similar to that of the Proposition 3, since K_; has (s—i)! Ha-
miltonian paths, and each such (s—i—1)-path may be expanded to a (s—1)-path
of K} in a unique way.

Proposition 9. We have
petn = oot 3 F (I Y o)

Proof. If C is an s-cycle of K*, denote by A, the set of all s-cycles of K using the arc
a; of C for 1=i=s. Because K} ; has (s—i—1)! Hamiltonian cycles for s—i=3
and each (s—i)-cycle obtained in this way may be extended to an s-cycle of K in
a unique way, the proof follows as for Proposition 4. §

Note that for i=s, s—1, and s—2 the corresponding terms from the right-
hand side of this equation are equal to those given by Jordan’s formula, if we define

[O]—l Indeed, if |K|=s, s—1 or s—2 then Zlﬂ 4,|=1, s,and s(n—s+1)+

+s5(s—3)/2, respectively. For the number of Hamlltoman cycles of K3 having exactly
k arcs in common with a fixed Hamiltonian cycle, one obtains a snnpler expression,

namely:
DC(n, n, k) = 2(—1)‘-"( ]( ](n—l—l)'+(—1)"—"( )

since =1.].
JZ;. J [ j—1 z
Proposition 10. For every fixed k=0, if lim % = A, the following equalities hold:

. DP(n,s, k) sDC(n, s, k) _ A% .
T, R, e

The proof is similar to that of the Proposition 5. It follows that the number of
the common arcs of two (s—1)-paths, respectively s-cycles chosen at random from
the set of all {s—1)-paths (s-cycles) of K are random variables which are distributed
asymptotically also in accordance with the Poisson law if one supposes that there
exists lim (s/n) as n—oo,
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Propesition 11. We have:

Dt = - 1)) (22— ¢) (M,
Dv,,,s = n—(n_)' (262—9)(MV,, s) .

Proof. One can show, as for wundirected graphs, that DP(n,s, k)<
(s—k)*(s—2)! (n— —1] s(s—=2)! [n—k—-l) i
L et e . -l — . t
%1 s and DC(n, s, k) =y ns The rtesu
follows in the same way as for Proposition 6.

By applying Chebyshev’s inequality we obtain the following consequences:

Theorem 2. For almost all digraphs G of order n the number of (s—1)-paths of G,
denoted by DP(G) and the number of s-cycles of G, denoted by DC(G) verify the
estimations:

0 (1_6=D0@) _ pp, gy 0 (1, 6=D00)
H{1-52) ~pei0- 2(+22)

as n— o, where @ is any function having the property that lim @(n)=-<. }
Corollary 2.1. When n—<= for almost all digraphs G the number of (s—1)-paths is
S

equal to e~s"™(14+0(1)) and the number of s-cycles is equal to

PRt
S—nzs— e=**21 (1 +0(1)) whenever s=0(n*3). |

From these estimations we can derive upper bounds for the number of Hamil-
tonian paths and cycles for almost all digraphs of order n when n— . It can be proved

also that for any fixed s, when #--< almost all graphs and digraphs contain paths
of any length p such that p=s and cycles of any length g if 3=¢=s.
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